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STABILITY OF THE UNIFORM ROTATION OF A GYROSTAT ROUND THE VERTICAL
MAIN AXIS ON AN ABSOLUTELY SMOOTH HORIZONTAL PLANE™

S.A. BELIKOV

The motion of a gyrostat on an absolutely smooth plane is discussed. A
Hamilton function which gives the canonical equations of motion is
obtained. This admits of particular solutions, namely uniform rotations
round a vertical axis which are identical with that of the uniform rotations
of the rotor. A transition to a system with two degrees of freedom is
realized, and the expansion of the Hamiltonian in the vicinity of the
corresponding position of equilibrium, with an accuracy to within fourth-
order terms, is obtained. In the region of admissible values of the
parameters the domain of the necessary stability conditions, and the
domains where the Hamiltonian functions are of fixed sign and alternating,
are examined. 1In those cases where the Hamiltonian is not fixed sign,

its normalization is performed, both a non-resonance situation and
resonances of the first, second and fourth order being considered. The
sufficient conditions for stability of uniform gyrostat rotation in terms
of constraints on the coefficients of normal forms are obtained. For a
clear interpretation of the results, special cases where the values of
all the parameters except two are fixed, are given. The plane domain of
the necessary stability conditions and resonance curves are constructed,
and using computer results stability on the curves is discussed.

The stability of uniform rotations of a heavy solid around the
vertical principal and minor axes on an absolutely smooth, and on an
absolutely rough horizontal plane, and also on a plane with viscous
friction is discussed in /1-4/. The stability of uniform rotations of
a gyrostat round the vertical principal axis on absolutely smooth and
absolutely rough horizontal planes was considered in /5, 6/. Investigations
of the motion of a solid on an absolutely rough plane, the body being
perturbed with respect to rotation round the principal axis (in particular
with respect to the steady position of equilibrium), are described in
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/7, 8/. The stability of two types of rotation of a homogeneous ellipsoid
on an absolutely smooth horizontal plane, in particular the stability of
the uniform rotations of an ellipscid round the vertical principal axis

is discussed in /9/.

1. consider the motion of a heavy solid under the influence of the force of gravity on
an absolutely smooth horizontal plane. Suppose that the body (housing) has a cavity, and the
axis of rotation of a symmetric gyroscope which rotates without friction in the cavity with a

constant arbitrary angular velocity oy’ relatively to the housing, is connected rigidly to the
body. We will assume that the surface bounding the body is convex so that it comes into

contact with the horizontal plane only at one of its points where the surface has a definite

tangent plane. We introduce a fixed system of rectangular coordinates OXYZ, with the origin
at the point O of the reference plane Z =0, and the coordinate system SE'n'({’ which is

i1dly connected with +ha hausin Mha avaa Af +ha latéa Ad wan a1~
LJ.\J-I-\AJ.] VUAAIIG\-I—‘; e IIVMDLAI\J' Lllc axes oI The i1actier are ULLe\-bEU EJ.UAI\J uu: ELJ.IIN-J.ECL

centre axes of inertia of the gyrostat (i.e. of the housing-gyroscope system). We will assume
that the axis of rotation of the gyroscope coincides with the axis Sn’. We shall define the

position of the housing by the cooxrdinates X,, Y, of the point §, and by Euler's angles
0, ¢ and Y which orient the system SEW’'{’ with respect to OXYZ. The Hamilton function
which defines the canonical equations of the gyrostat's motion has the form
H——(O(pe—a)’ 2¥ (po — o) (po — B) + 8 (py — P)*) — 1.1)
v+ g 0+ oY)
A=80—-Y3 6 = I,; — I, 23" 4+ Mn?
D = (—’ii —_ "i f-.‘l + M’v-’\ sin20
¥ = (I3 — D1glel 557" + MxYs) sin 6

@ =~Alslgs — Dig’sing, P=A(IssC030 + I1a5in0) I5}
v———A I3y + Mg (x15in 0 + ¢ cosO) A =
De— Do°sinBcos®, %=—71c080 —{ sin@y =
Esing+ ncosp, yYo==&cosg—nsing
I,, = (4 sin®p + B cos?@) cos®d + C sin?0, I, =
A cos’y + B sin®p, £33 = (A sin’p 4 B cos*g) sin%6 +
Ccos®0, I, = —(4A —B)singpcos@cosO, I,;=—(4sin’p+
B cos’p — C) sin 8 cos 8, I,3= (A — B) sin ¢ cos @ sin 6)

Here p, ¢, Ps, Pg» Pv are the gneralized momenta which correspond to X4y Y, 0, 0,0; M isthe
mass of the gyrostat; g is the acceleration due to gravity: §',+%’, [’ are the coordinates of
the point of contact between the body and the plane in the system SE'n’'f’, which are functions
of 6 and ¢ determined by the form of the equation defining the housing surface, and at the

same time , ,
ot o o .
E'sing + 9 8+ L'eco

s 8
T 5 COS VT

o

cos ) sin =
where the point denotes differentiation with respect to 6 or ; Jy(i,j =1, 2,3) are the com-
ponents of the energy tensor of the gyrostat relative to the right-hand orthogonal system of
coordinates SX’ YZ’ whose SZ’' axis is directed vertically upward, the SY’ axis runs on
the line of nodes in the direction in which 82’ axis rotates anticlockwise by an angle 0

until it coincides with the S’ axis; A4, B, C are the principal central moments of inertia

of the gyrostat, and D denotes its axial moment of inertia.

2, The canonical equations of the gyrostat motion with the Hamilton function (1.1) admit
of the particular solution
P =1Po 4 =4qo Po = pg =0 2.1)
py = Bog + Doy, X, = M-pgt + X,°
Y. = M‘lqot +Y,° 0 =r/2, ¢ =0, P = o,°t + P,
which corresponds to uniform rotation of the housing, with an arbitrary angular velocity o,°
around the Sn’ axis which is vertical. Here the centre of mass S of the gyrostat moves with
a constnat velocity along a horizontal straight line., Without loss of generality we can assume
that the centre is fixed. The coordinates X,,Y, and ¢ are cyclic, and therefore the system

discussed has two degrees of freedom.
We consider the perturbations

Po==1, po=2z, O=n24y’, o=y’
and find an expansion of the Hamilton function of the system in the vicinity of the position

of equilibrium, which corresponds to the stable motion (2.1), with an accuracy to within

ect to 2z y.' and 1., Let h be the distance from the centre

fourth-order terms wit rog
Tl resg 1 N ""I v Hi Ya s cance Irom the C

IoUYXTa-CXaer Terms wi
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of mass S to the point of contact of the gyrostat and the plane during the unperturbed motion
(2.1) ,»" =h + v'. Let us introduce new dimensionless variables =z, z,, ¥, and y,, time 7, the
dimensionless coordinates §, v and {, the angular velocities o, and w, and the parameters a, b
and n, using the formulae

Y, ’ . Mgh \"s
”i'=(BMgh)/-z;, =y i=127 T=(—g) t

B \/r o _ D o
Wy = (Mgh) oy, W= —(BMgh)'/‘ 0]

pB o m
-’ T A4
Then,

2H = azi® + 2Q1ys + bas? + 2012291 + 01 (@1 + o) 9? (2.2)
Q01 + 0a) 1 — anz’® — (e — 1) zi*y® +
2(a — 1 — bn) z12sy1Ys + (@ — @2 — 2a (01 + @) B) Ty tys —
(% (a —1)oi + (';' a— 1)&),) Z1Ys® + 2ayi — % nzsdys® +
(30 + o) 2t + (22 — 02 — 26 ax + o) m) i +-
(—g— o? + -i-'ﬁh(%-ﬂh + (Da)) 91* + haayi®ys® + hoayst +
n ( axy? + 2Qzyys + —:—- Q’y-’) by — 3+
ZNMn+imm+mmHJMWM%4m+%+m—
—n (b:c.’ + 2mzayi + - ¥ )(25% + §’) +
( 2+ ity + ) E— gt — et e 4 B
B (=24t )y (2n— )L
Here
Q=(a — 1) o + aw,, h,g:—i—(a— 1) Q (g + w2) +
—(ZQ—am.)ml + (1 - -——) (1 - —) i ? -
(5 — o+ — ) oo+ - on? — - @} + Q@ —26)n
hoo=—(1— 5 ) (5 + )2 — 5 +
H(H = fon (1= ) =)o
We shall investigate the stability of the uniform rotations (2.1) of the gyrostat with
;iz};;:c.:t to ps, pey 0, @, py for parametric perturbations of its constructional parameters (see
3. wWe shall henceforth assume that in a small vicinity of the contact point between the

gyrostat and the plane during the steady motion (2.1), the surface of the housing defined by
the equation

FEWD,E)=0 (f(0,—50)=0) 3.1)
is close to an ellipsoid, one axis of which lie on the Sv axis so that
£ (€005 ¥)=—1' —h 5 (PE* — 208 + R + - (PE — 208 + RU*P (3.2)
P =_°°::e + _Si’::a , ()=(:—1 - —L)smecoss
sinfe cos3e
A==+

Here ry and r; are the principal radii of curvature of the surface (3.1) at the point (0,
—h, 0), & is the angle between the S{’ axis and the direction of principal curvature correspond-
ing to ry, which is measured anticlockwise from the S8’ axis looking towards the S7v' axis
directed vertically upwards during the unperturbed motion (2.1).

Let us introduce the dimensionless quantities

] — nra@ I= riraP lh=— riraf
h ? - B -

Then, considering (3.2), we obtain the following expressions for the dimensionless
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coordinates &, m,{ by means of the dimensionless perturbations y,, ¥y, with accuracy to within
fourth-order terms with respect to the perturbations

b=l —lys + o {— 1 (i—2)pe + (3.9)
(le + 2% yi¥ys — 1 (3l — ) yayad + I (z, — ._§.) y,s}
M=+ g (b — 2yt + ) + {1 (30 — &) gt
(120 — 3 ) yr2ya — (6 (haa +- 20%) — 4by) y?ys? +
{120~ 2 )yt —1s (36 —5-) w'}
b= b —lya + 5 {— s ( — 2) 92> + Blbugsty —
(hla + 28— 1) yuge® + 1 (la— -5-) 927}
On substituting formulae (3.3) into (2.2), we obtain the final expansionh of the Hamilton
functions of our system, with an accuracy to within fourth-order terms,
H=Hy+Hi+... (3.4)
Hy= wék R A AN

where wy, v, vy, v, are non-negative integers, and |v | =v, 4 v, +v3 + v, &k =2,4. The non-zero
coefficients hyyyw have the form

2hyg00 = 8, hyger = R, 2Rogee = by By » = 0} (3-5)
2hopre = 0y {07 + @) — (1 =~ L))y Zhoees = Q{0 + y) —
(1 — 1)
hogus = ~ I, 2hygno = an (I 2 — L) — 1)
hgpry = — anl (1 — 1), 2hygpy = — (@ — 1) — anl?
hypo = —bnl (1 — L), hyy =a —1 —bn (1 + 8 4 L, —

L—05L), by =—bnl({ — L), huse =—omml{1 —1)

Zhiom == Q — w9 — 2(a (9r + ) — QL 2~ 1) +

o (l2 e lllz —_ ll _— lg)) n, hlﬂlﬂ E (29[ (1 p— [1) +
od (1 =), 2oy = — (5 Q— w1 + 200n)

Zhossn =1 — 2 nlt, g = — —nl (1 —bo)

Zhows = — 2 n (1 — 12 —h), Zhorse =500+ 0 —
2L ok, ko =— - nl(Q (1 — k) + 201 (1 — b))

2ha112 == 2Q — wp — 2b (@ - @a) 0 -—2 % (R Wy — U — ) —
s @ —12) 1 horos = — —=Qnl (1 — by)

i I?

Zhsoso = o ar® + - n (01 + @a) — - ortnlt — - +
bt Zhen—— ol @( — k) +or(t— k) +
ot ) 2heon=hn+ Q@@ ~1)—

20 (2 + bils — ly — a)) 71 - =Pl (2 — la) —
4@+l + (s —la+ 1), 2hosa==
2 2
—Za@t—n+ad _z,))n+z(l,~-3-)
1
2hog0s == hos — -:— Qtln — —%-' I + -g—'- +

Note 3.1. The coefficients of the form H, depend on seven constructional parameters
¢ = (@, @ 8, b, }, 41, L), and those of the form H, depend additionally on the parameter n.

Note 3.2. In /9/ an expansion of the Hamilton function of the system in question was
obtained in the vicinity of the position of equilibrium which corresponds to the uniform
rotation of a homogeneous ellipsoid about the vertical, accurate to fourth-order terms. The
coefficients of this expansion, which depend on three dimensionless parameters k8, and &,
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are easy to obtain from (3.5). 1In fact, if we impose some constraints on the gyrostat, the
parameters e¢ and n will be connected with the above parameters by the expressions

e . L8 W4l

Wy =w= 5k y W=V, &= 1+6|

& 4 5
b=ﬁ‘:—€', 1=0, L=28, L="y, n=TTE
Let us substitute them into (3.5). We allow for the fact that the dimensionless variable

and time in /:/ were introduced uy formulae different from those in SECT...L, and this CGIIESPGTLGS
to multiplying the coefficients b, ,,,, containing o™ m=1,2 by the quantity (Bk/(8y -+ 8,1)™72,
Then we cbtain what is required.

4. consider the domain of admissible values of the parameters
={cie<<b(@a+1), b<<al(p+1),a>b@@a—1), >0 I,>0}
and the domain of the necessary stability conditions of the solutions of (2.1),
={e:e=F.Q >0,0,>0 0" — 40, >0}

In the domain G we shall examine the domain G, of positive definiteness and the region
G, of sign alteration of the quadratic form H, of the Hamiltonian

Go={c:e=G A>0}, G ={:c=6 <0} (4.1)
Here
A=((b—1) o, + bay) 0, — b {1 — ) (4.2)
O =02+Qb—1) o, +bog) —~a(l —L)—b(l—1)

Gy = (Qoy —a{l — i) A — adl®
The frequencies of a system with the Hamiltonian H, are

%12 = l/— Q@+ VOF—4Gy) 4.3)

Further we shall need to consider the resonance hypersurfaces of the first, second and
fourth order,

R, ={c:eccF, o(c) =0} (4.4)
Byy={c:e=F, a,(e) = Na, (&)}, N =13
It will be shown below that all the domains and hypersurfaces indicated are non-empty,
R, and R, defining in F the boundary of the domain G and G, (] B, % (.
Let ¢eG,. In accordance with the Routh theorem complemented by Lyapunov (see, for

example, /11/) the uniform rotaticns (2.1) are stable. To examine stability in the cases where
e= 86, c=6,\R,,ec=G, N R, e E 0G, one must normalize the Hamilton function.

Note 4.1. In studying the stability of the uniform rotations of a heavy solid and a
gyrostat with a fixed point round the principal vertical axis, it was established in /12-—14/
that in this problem the function @, may be presented in the form of a product of two Poincare
stability coefficients. Consequently, the hypersurface dividing the domains of sign alternation
and of fixed sign of the Hamiltonian is at the same time a boundary of domain &. In our
problem, this only holds for 1= 0.

Note 4.2. The problem discussed differs from those in /12—14/ by a large number of
constructional parameters, and therefore a detailed analysis of domain G can be performed in
special cases only.

Note 4.3. The guantities @, and @, are identical with the corresponding quantities in /6/
to within a positive multiplier and apart from notation.

5. Let us reduce the Hamilton function to normal form. We introduce the following

notation:
fula) = — Q((b— 1) o, + bog) + b (1 — i) (5.1)

fa (al) = - Qa;‘ + ml’g — aly ('1 - lﬂ)
fala) = ao? — b (@ —a(l — 1)
To carry out the linear normalization we make the following change:

T s1a ty dif] {m
zs 53 Ca I3 dgj Ips

— 5.2
% ss €3 I3 dsf [ ©2)

i Sy ¢4ty dyf |9

Let e& Gy, Then
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8 = oufy (@) g (o), 8 = — eyalg (o) (5.3)
85 =10, 8 =0, (b Q —a0y) g (x), t; = blQg (@)
ty = fy (@) g (@), 25 = f5 (1) g ()

ty = — ablg (@), o8 (@) = 8 [fy (o) f5 (@) +
albi® — fy (a;) (BQ — aw,)l?

where 8 is the rank of the canonical transformation of (5.2) .

We can take 8§ =1 or 8§ = 1

from the condition for the transformation to be real. The formulae for e¢;, dy (i =1, 2, 3, 4)

are found from the expressions for & and #; by replacing &; by o, respectively. Subst tution
of formulae (4.2), (4.3), (5.1) and (5.3) yields the final

axnregsion throuch the initial
12.1) ang (2.2) lelds the Iinal expression through the initial

parameters of the problem for the coefficient of linear canonical transformation (5.2)

We write the fourth-order terms in the expansion (3.4) in the wvariables P Psy 1y @5 in
the form

BK(= D Ogvyww Pi"paVg1"gs™ (5.4)
1¥[=4
mamd L£40mA tlhn manlLd admmda o mmrrad s A dmm  cmdmia s dede s md L2 T A
U LAl LS CUTLLLGCLCIILD \Y“V.‘V,‘V‘ chu.LLt:u [ > Luuy Cil€ SDLaplili U
8ga000 =l D Py $1Vi8gVissVssg% (5.5)
Wi=4

The coefficient gy 1s obtained from g, by replacing the quantities s by ¢;, £
by replacing $; by ?;, and gee by replacing s; by d,{(i =1,2,3,4)

8gas00 = le=4 (SuSuCuus + Culududue + SuCudulu + (5.6)
CuSuCuSu, T 8u.Culudu, T Cududulu) by v,

Here and below the quantities p;, gy, pg, Py are computed from wv;, V4 Vs V4 using the rows
of the table. To obtain the remaining coefficients with non-zero subscripts 2 and 2 it is

Table 1

vi v lw | mo| om | ow | ow

-

DN DD OOk
RO
OO0
RPOOOO
e

i
i
i
l
k

—~ A
—— R~

necessary to make the following substitutions on the right-hand side of formula (5.6):
fa020 1 €t = b5 Zaoos’ €t —> i Gomao © St i ozost Si > Oy
Zoosat & >ty e —d (i =1,2,3,4)

881300 =Z (SuCunsCsCs T CuSpConCins + CuCuusSu s + CpuCuiSud Bvismw,
wi=s
With respect to (5.7)

&1008 ¢ €1 A5 Bosrot S1 —> by

Gomis P S1—>ty, ey —>dy (i =1, 2, 3, 4)

Sg1am =I vIZ_ . SppaCisi, 1 S luiCiue + SuiCuBuCus + duCusulu, + (5.8)
S,y Dy + B CusCuSue + CouSs Gpuss + o, BuBuus +
iy g F O FuCuSue T+ Culusdu, dise T+ Cuiua S Avcvivv,

With respect to (5.8
pe ) Guos: €t > 8y, Ay —cil B S — by

G iSi—>epci—dndi—t (i =1,23,4)
Let ¢ = G, \\ R,. Then the coefficients of the normal form (3.4) are
D — Q.. L 2 . a9 — 2 I
“Cgo = YE4000 T YEo040 T 520300 “vo02 T VYEo400 T

3g0008 T+ Zozoar 11 = Basoo T+ Baoos T+ Zozeo T+ Loose

—
[
@0

~

(see /15, 16/).

Substituting (3.5), (4.2), (4.3), (5.1), (5.3), (5.5) and (5.6} into (5.9} we obtain the finalform
of the coefficients. If D°== ¢%,® -+ 3040y + cpg)® %= 0, then by the Arnold-Moser theorem and
its extension to stable motion, the uniform rotations (2.l1l) are stable (see /16, 15, 12/).

Let e G, (1 R,. The coefficient of the resonance term is written in the form

Ci = (%1005 + Y1005")" 2Z1908 = Brao0 + (5.10)
Lao1e — €osny — Liioes 211".... = — Zosio + Zioos — Lisax +



57

Substituting formulae (3.5), (4.2), (4.3), (5.1), (5.3) and (5.5)—(5.9) into (5.10) we obtain
the final form of coefficient C, If |D°|/a®— 3 V3C,>0, then in accordance with Markeyev's
theorem, /17/, and its extension to steady motions, /12/, the uniform rotations (2.l) are stable.
If D° Jlag® — 3Y'3C, < 0, the unperturbed motions (3.1) are unstable (see /17/}.

Let ¢e& 0G (| Ry, This means that ¢ & 8G,, or that ¢ belongs to that boundary of the domain
G; which is defined by a first-order resonance relation. The coefficients of transformation
(5.2) necessary to study stability have the form

¢ = blQgy, c5 = f3 (0) g1, ¢35 =f3(0) g1, €4 = — ablgy, g, = (5.11)
8 [f1 (0) 15 (0) + a®bl® — £, (0) (bR — ao,)]™?

The fourth-order terms in the new canonical variables in expansion (3.4) are also written
in the form (5.4), where the coefficient g0, necessary for the study, is given by Eq.(5.5).
Subsituting (3.5), and (5.1) into (5.5) when @, =0 and (5.11) we obtain the final form of
the coefficient giger If goaoo > 0, the uniform rotations (2.1) are stable for fixed values of
the parameters (see /18, 19/). If ‘8oso0 << 0, the solutions (2.1) are unstable /18, 19/.

Let ¢=dG;() R,. The coefficients required to investigate s;, ¢; (i = 1, 2, 3, 4) of trans-
formation (5.2) are computed from (5.3), in which the quantities ¢#; should be replaced by
¢, and g (o)) by g,. Quite cumbersome operations show that g, is chosen from the condition

2a,%,* = 8 [f5 (@)1 (5.12)

Substitution of formulae (4.2), a; = (@y/2)¥:, (5.1) and (5.12) into (5.3) results in the
final expressions for the coefficients sjand ¢; (i =1, 2, 3, 4).

Using the new canonical variables, we shall write the fourth-order terms of (3.4) in the
form (5.4), where the coefficients necessary to study the stability, gio0r £oto0 and gsgey are
found from formulae (5.5) and (5.6). Let,us put

E = 3gio00 + 3os00 + 2200 (5.13)
On substituting formulae (3.5), (4.2), a, = (Q,/2)"s, (5.1), (5.12), (5.3), (5.5) and (5.6)
into (5.13), we obtain the final form of the coefficient E. If E >0, the uniform rotations

(2.1) are stable (see /20, 21/), and for E <0 the steady rotations (2.1) are unstable (see
/17/) .

Note 5.1. 1In cases where c¢e& 3G, the determining matrix of the system with a Hamiltonian
H; has non-simple elementary divisors.

Note 5.2. 1In the problems discussed in /12—14/, the number of parameters on which the
coefficients of the form H, depend, are identical for H, and H, In our case, the coefficients
H, depend on an additional parameter n. This means that the uniform rotations of a gyrostat
on a plane have the following property. If eeG,, then the stability of rotations of the
gyrostats whose parameters are represented by point e, cannot influence the change in the
parameter n. If e¢e G, the change in n may, generally speaking, cause D° to vanish. Then
to study the rotation stability of the corresponding gyrostat we must retain in the expansion
of H terms of order higher than the fourth. If e¢ belongs to the resonance hypersurface, a
change in n can, generally speaking, give rise to a change in the stability of the correspond-
ing rotation to instability, and vice versa.

A study of the stability of the uniform rotations (2.1) of a gyrostat on an absolutely
smooth horizontal plane was carried out when in a small neighbourhood of the contact point the
surface of the housing is specified by Egs.(3.1) and (3.2). We note that using expansion (2.2)
of Hamilton's function, one can study the stability of a gyrostat with a surface different
from (3.1) or (3.2). Here the coefficient of the Hamiltonian in formulae (3.4) and (3.5) changes
but formulae (5.5)— (5 10) and (5.13) still hold.

6. The sufficient conditions of stability of the uniform rotations (2.1) of a gyrostat
were obtained in terms of a constraint of the inequality type imposed on the coefficients of
the normal forms of the Hamiltonian. These equations have a cumbersome form and, therefore,
to verify that the corresponding inequalities are satisfied a computer was used. Since the
number of parameters was high, for clear interpretations of the results obtained it is
necessary to consider special cases. Below we list briefly the results of a study of two such
cases.

Let us assume that a4=23%,;; then the domain F has the form

F={e:be (¥n3), 1>0 >0}

We choose &= n/4, ry/hy =14, rglh ="/, then l=1,, I, = =%, and we set n=1.

6.1. Let w,=0 This means that the gyroscope does not rotate in relation to the housing,
i.e. it is an absolute solid. The figure shows domains G, and §G,. Domain G, has a lower bound
set by a branch of the curve R, (Q;=0) which has a vertical asymptote b=1, and for o, =1.128
it intersects the straight line 5= 3. The uniform rotations of the solid which correspond
to R, are stable. The size of the domain G, is small compared with that of G,,and all of it is
placed in a rectangle b e (0.6; 1.389), o, = (0.985; 1.084). The domain G, has an upper bound set by a
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branch of curve A; and a lower bound set by a branch of the curve
Ry (Q,* — 40, = 0). The uniform rotations (2.1) corresponding to R,
are not stable, unlike the solutions of (2.1} corresponding to
R;. The curves R, and {D°= 0} d&o not intersect the domain G, and
are not shown in the figure. We note that the boundaries of g,
Ay & and G; have no common point since I=1%,,0 (for the problems

\ AN discussed in /12-14/, it is the point where both coefficients of
NN A Poincaré stability vanish).

A S R N "‘:‘-——"‘ 6.2, Let o, =0. This means that the housing is in equilib-

\\\”z S rium, and the gyroscope continues to rotate. In this case the

T domain G, is empty. The domain ¢, has a lower bound set by a
= branch of curve R, (shown by a dashed line in the figure), which
2 3 for ,=1.323 intersects the straight line 5 =13/, and for w,= 0.880
the straight line »=3. Curve R,is situated slightly above
curve R, (curve R,is also shown by a dashed line in the figure).
The uniform rotations (2.1) which correspond to these curves are stable. The curve [D°= 0}
does not intersect domain g,

The domains of stability 6, and §, are constructed for the case when o w;> 0. For
wy, ® <0 the corresponding domains are symmetrical about those constructed with respect to
the 0b axis.

After analysing the special cases we may conclude that the rotation mode discussed in
Sect.6.2 is prefereable in view of the stability of the rotation mode described in Sect.6.l.

A
1H—%
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